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Abstract— Techniques for coordination of multi-agent sys-
tems are vast and varied, often utilizing purpose-built solvers
or controllers with tight coupling to the types of systems
involved or the coordination goal. In this paper, we intro-
duce a general unified framework for heterogeneous multi-
agent coordination using the language of cellular sheaves and
nonlinear sheaf Laplacians, which are generalizations of graphs
and graph Laplacians. Specifically, we introduce the concept of
a nonlinear homological program encompassing a choice of
cellular sheaf on an undirected graph, nonlinear edge potential
functions, and constrained convex node objectives. We use
the alternating direction method of multipliers to derive a
distributed optimization algorithm for solving these nonlinear
homological programs. To demonstrate the wide applicability
of this framework, we show how hybrid coordination goals
including combinations of consensus, formation, and flocking
can be formulated as nonlinear homological programs and
provide numerical simulations showing the efficacy of our
distributed solution algorithm.

I. INTRODUCTION

Optimal control and coordination of multi-agent systems
is of paramount importance in modern applications rang-
ing from multi-robot systems [1] to cyber-physical systems
[2]. In anticipation of next-generation systems composed of
highly autonomous heterogeneous agents with multiple and
evolving individual and group objectives, our goal in this
paper is to present a unified framework for modeling a wide
array of multi-agent coordination problems, along with a
general-purpose solver for these problems. In this framework,
system designers specify requirements about the behavior
of a multi-agent system, compile these requirements into a
homological program, and synthesize a decentralized control
policy with a universal solver.

The main abstractions we utilize in constructing this
framework are cellular sheaves and nonlinear sheaf Lapla-
cians. Our proposed framework uses cellular sheaves with
nonlinear edge potentials to model various types of multi-
agent interactions and coordination goals, including but not
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limited to, consensus, translation invariant formation, and
flocking. The generality of this framework enables hetero-
geneity not only in the systems being controlled, but also in
the communication patterns and coordination goals between
different agents. To design distributed optimal controllers
for such multi-agent systems, we use the alternating direc-
tion method of multipliers (ADMM) to derive a distributed
solution algorithm for optimization problems defined over
cellular sheaves. ADMM is a widely used technique for
distributed optimization due to its attractive convergence
properties provided only mild assumptions on the problem.
The resultant algorithm allows agents to choose control
inputs that minimize their own control objectives while
driving the global system towards the coordination goal, all
while utilizing only local computations and communication
with neighboring agents.

Related Work: Several efforts have emerged to system-
atically study controller design patterns, including layered
control architectures [3], co-design, [4], and information
structures [5]. Through our reformulation of well-known
multi-agent coordination problems as homological programs,
we similarly illuminate fundamental design principles of
networked multi-agent systems.

The graph-theoretic approach to modeling multi-agent
systems has lead to a corpus of algorithms addressing a
diversity of coordination problems, including consensus [6],
[7], dissensus [8], formation control [9], [10], flocking [11],
[12], and many other tasks [13]. In this literature, distributed
optimization [14] is commonly integrated with cooperative
control strategies in order to simultaneously pursue private
goals as well as shared common objectives [15].

Cellular sheaves were introduced in stratification theory
[16] and rediscovered in applied topology [17]. The proposed
marriage of methods from spectral graph theory and cellular
sheaves [18] led to the observation that sheaf Laplacians
induce a dynamical system generalizing (multidimensional)
distributed mean consensus protocols where contemporane-
ous generalizations of consensus such as matrix-weighted
[19] and matrix-scaled consensus [20] are straightforward
instantiations of the cellular sheaf construction. Subsequent
sheaf-theoretic developments [21] yield a similar generaliza-
tion of max consensus [20].

Control of cellular sheaves was initiated for non-physical
systems in which linear and nonlinear sheaf Laplacians
are deployed to model opinion dynamics via discourse
sheaves [22]. Another sheaf-theoretic approach to optimal
network control [23] bears similarities to ours, without the
computational advantages of a distributed implementation.
Sheaves have appeared elsewhere in the control systems lit-



erature, including modeling event-based systems [24], infor-
mation diffusion [25], game theory [26], as well as network
theory [27]. Distributed optimization [28], LQR [29], and
model-predictive control [30] have also been studied through
the lens of category theory, an area closely related to sheaf
theory.

Homological programming was developed for mobile sen-
sor networks [31], and extended to a generalized notion of
distributed optimization [32], with applications in distributed
model-predictive control and graph signal processing. Our
work expands the scope of homological programming intro-
duced in that work with the nonlinear sheaf Laplacian and
constrained node objectives.

Outline: In Section II, we review cellular sheaves
and sheaf Laplacians. Then, in Section III, we establish a
general framework for representing multi-agent coordination
problems. In Section IV, we propose a solution method. To
encourage the adoption of this framework, we present an in-
depth case study in Section V. In Section VI, we present
several numerical simulations. Finally, in Section VII we
discuss future directions.

II. PRELIMINARIES

In this section we introduce cellular sheaves and sheaf
Laplacians. Together with optimization techniques, these
constructions will serve as a general framework for us to
analyze multi-agent coordination problems.

Suppose G = (V,E) is a undirected graph with node set
V = [N ] and edge set E ⊆ V ×V , where [N ] denotes the set
{1, 2, . . . , N}. An edge between given nodes i and j is given
by an unordered pair of concatenated indices ij = ji ∈ E.
When particular endpoints of an edge are not specified, an
edge can be denoted by e ∈ E. The set Ni = {j : ij ∈ E}
are the neighbors of i.

Interpretation. In a multi-agent system (MAS), an undi-
rected graph models bidirectional communication channels
between agents. We assume these communication networks
have unchanging topologies.

Given a fixed graph G, we define a data structure for
organizing assignments of vectors.

Definition 1 (Cellular Sheaf). Given G = (V,E), a cellular
sheaf F (valued in Euclidean spaces over a graph) is a data
structure that assigns:
• A Euclidean space F(i) with the standard inner-product

to every node i ∈ V called a stalk.
• A Euclidean space F(ij) with the standard inner-product

to every edge ij ∈ E called an edge stalk.

• A linear transformation F(i)
Fi P ij−−−−→ F(ij) for every i ∈

V , j ∈ Ni called a restriction map.

Example 1 (Constant Sheaf). Given a graph G and a
particular vector space Rk, the constant sheaf, denoted Rk,
assigns the vector space Rk(i) = Rk to every i ∈ V , the
vector space Rk(ij) = Rk to every edge ij ∈ E, and the
identity map Rk

iP ij = idRk for every i ∈ V , j ∈ Ni.

We refer to a particular assignment xi ∈ F(i) as a local
section. This is the datum assigned to an individual node.
Collecting all the data over nodes yields the space of 0-
cochains, C0(G;F) =

⊕
i∈V F(i), and data over edges is

similarly gathered in the space of 1-cochains, C1(G;F) =⊕
e∈E F(e). C0(G;F) and C1(G;F) are endowed with

the inner products ⟨x,x′⟩C0 =
∑

i∈V ⟨xi, x
′
i⟩F(i) and

⟨y,y′⟩C1 =
∑

e∈E⟨ye, y′e⟩F(e).

Interpretation. A stalk is interpreted as an agent’s state
space, and a local section is interpreted as a particular state
(e.g. position and velocity measurements). In a multi-agent
systems, a 0-cochain is, then, a global state, and C0(G;F)
is the global state space. Note that dimensions of stalks are
not required to be the same for every agent, hence, the state
spaces of agents can vary from agent to agent (e.g. a team of
both ground and ariel vehicles). In certain cases, 1-cochains
can be seen as observed outputs when internal states are
transformed by restriction maps.

A ubiquitous problem in sheaf theory is to decide whether
0-cochains are coherent with respect to restriction maps. This
consistency is expressed by the notion of a global section.

Definition 2 (Global Sections). Suppose F is a cellular sheaf
over G. A global section is a 0-cochain x ∈ C0(G;F) such
that

FiP ij(xi) = Fj P ij(xj) ∀i ∈ V,∀j ∈ Ni. (1)

The set of global sections is Γ(G;F) ⊆ C0(G;F).

Interpretation. In a multi-agent coordination problem,
agents are often required to satisfy locally-defined constraints
that propagate globally, the simplest example being consen-
sus. The global section condition (Eq. 1) allows these local
constraints to be encoded as restriction maps. For instance,
the constant sheaf encodes a consensus constraint when G
is connected. This follows from Γ(G;Rk) ∼= Rk. If G has
c connected components, it follows that Γ(G;Rk) ∼=

(
Rk

)c
.

A global section, then, corresponds to a particular consensus
vector assigned to each connected component.

Deciding whether a 0-cochain is a global section is not
enough. Often, we want a flow to a global section from
an arbitrary 0-cochain. To construct such flows, we first
introduce a few notions from homological algebra. Define
the coboundary operator C0(G;F)

δF−−→ C1(G;F) given
by (δFx)ij = FiP ij(xi) − Fj P ij(xj). The degree-0 and
degree-1 cohomology of a cellular sheaf is given by

H0(G;F) = ker δF

H1(G;F) = C1(G;F)/ im δF
(2)

It follows immediately that H0(G;F) = Γ(G;F) because
x ∈ ker δF precisely when FiP ij(xi) − Fj P ij(xj) = 0
for all ij ∈ E. Global sections, then, can be computed as
the kernel of the coboundary operator with a linear solver,
where the relevant matrix grows in the number of nodes of
the graph and the dimensions of the stalks.



TABLE I: Sheaf Theory Concepts and Potential Functions in Multi-Agent Systems

Sheaf Theory Concepts Potential Functions

Concept Notation Interpretation Potential Function Coordination Goal

graph G = (V,E) bidirectional communication network (1/2)∥y∥22 Consensus
vertex stalk F(i) state space of agent i y⊤Ay Matrix-weighted consensus [19]
local section xi local state −(1/2)∥y∥22 Dissensus [8]
edge stalk F(ij) communication space between agent i and j (1/2)∥y − b∥22 Reach displacement of b
restriction map Fi P ij how agent i sends messages to agent j (∥y∥22 − r2)2 Reach distance of r
sheaf F multi-agent communication structure
0-cochains C0(G;F) global state space
0-cochain x global state
global sections Γ(G;F) feasible global states

A decentralized approach to computing global sections
is to construct an appropriate local operator on C0(G;F)
whose dynamics converge to a global section. A linear op-
erator LF – a linear sheaf Laplacian – whose construction
relies on the Hodge Laplacian [33] leads to a heat equation
ẋ = −LFx converging to a global section for an arbitrary
initial condition [18, Proposition 8.1]. To analyze a wider
class of coordination problems, we utilize a generalization
of the linear sheaf Laplacian [22, §10]. In addition to the
specification of a graph and a sheaf, the nonlinear sheaf
Laplacian is determined by a choice of edge potentials.

Definition 3 (Nonlinear Sheaf Laplacian). Suppose F is
a cellular sheaf over G, and suppose {Ue : F(e) →
R}e∈E are (possibly nonlinear) potential functions. Then,

the nonlinear sheaf Laplacian is the map C0(G;F)
L∇U

F−−−→
C0(G;F) defined L∇U

F = δ⊤ ◦ ∇U ◦ δ where ∇U :
C1(G;F) → C1(G;F) is defined as the gradient of U(y) =∑

e∈E Ue(ye).

Examples 2. Given G and F , suppose Ue(ye) = (1/2)∥ye∥22
for all e ∈ E. Then, L∇U

F = δ⊤ ◦ δ and is denoted LF . In
particular, the linear sheaf Laplacian LRk of the constant
sheaf on G is the Kronecker product of the unnormalized
graph Laplacian LG with an identity matrix or simply LG

when k = 1.

The nonlinear sheaf Laplacian acts on local sections as

(L∇U
F x)i =

∑
j∈Ni

F⊤
iP ij

(
∇Uij

(
FiP ij(xi)−Fj P ij(xj)

))
.

Consequently, the nonlinear sheaf Laplacian can be com-
puted locally in the network because (L∇U

F x)i only requires
information about the local sections and restriction maps of
neighbors Ni.

While linear sheaf Laplacians converge to global sections
specifying local linear constraints, nonlinear Laplacian dy-
namics are more subtle. For example, nonconvex potentials
can lead to diverging trajectories. For instance, given G and
F , suppose Ue(y) = −(1/2)∥y∥22 for all e ∈ E. Then,
L∇U
F = −LF , and trajectories with x(0) /∈ H0(G;F)

diverge from their the projection onto H0(G;F).

III. NONLINEAR HOMOLOGICAL PROGRAMMING FOR
MULTI-AGENT COORDINATION

This section presents the primary modeling tool used
in this framework – nonlinear homological programming –
and formulates a general multi-agent coordination problem
within this framework.

A. Nonlinear Homological Programming

The following definition extends homological program-
ming [32] with nonlinear constraints and objective functions
valued in the extended real numbers R = R ∪ {∞}.

Definition 4 (Nonlinear Homological Program). A nonlin-
ear homological program consists of the following data:
1) Undirected graph G = (V,E);
2) Cellular sheaf F on G;
3) Objective functions {fi : F(v) → R}i∈V ;
4) Potential functions {Ue : F(e) → R}e∈E .
The homological program defined by this data is the opti-
mization problem

minimize
x∈C0(G;F)

∑
i∈V fi(xi)

subject to L∇U
F x = 0

(P)

Example 3 (Distributed Optimization). In a system of N
agents where each agent has a private convex objective
function fi(x) with decision variable x ∈ Rk, a ubiquitous
distributed optimization problem [34] is to minimize the sum
of each agent’s cost function: minimizex∈Rk

∑N
i=1 fi(x).

A typical distributed solution strategy is to introduce local
copies of x for each agent to decouple the objective and
use a coupling consensus constraint. This can be defined
as a homological program for the constant sheaf Rk on a
connected agent communication topology, as shown in [32].

The following theorem describes when nonlinear homo-
logical programs are convex optimization problems, enabling
us to solve them efficiently.

Theorem 1. Let P = (V,E,F , {fi}, {Ue}) be a nonlinear
homological program. If Ue is differentiable and convex for
each e ∈ E, and fi is convex for every i ∈ V , then P is a
convex optimization problem.

For illustrative purposes, we introduce single-agent opti-
mal control as a simple example of a homological program



which will be further utilized when posing multi-agent
optimal control problems.

Example 4 (Single-Agent Optimal Control). Single-agent
optimal control problems for a fixed time horizon T form
homological programs on cellular sheaves whose underlying
graphs are T+1 length paths. To see why, consider a control
system with states in Rn, control inputs in Rm, and discrete
dynamics x(t+1) = Ax(t)+Bu(t). We model this agent’s
dynamics for T time-steps from an initial condition x(1) =
c as a cellular sheaf D on the (T + 1)-vertex path graph
PT+1 (see Fig. 1). The overall potential function for D is
Φ(y) = (1/2)∥y0 − c∥22 +

∑
e∈E(1/2)∥ye∥22 for all y ∈

C1(PT+1;D). Zeros of the associated nonlinear Laplacian
L∇Φ
D = δ⊤D ◦∇Φ◦δD then correspond precisely to admissible

trajectories of the system across T time-steps starting from
x(1) = c.

R0 Rn ⊕ Rm Rn ⊕ Rm Rn

(Rn, 1
2
∥x− c∥22) Rn · · ·

v0 v1 v2 · · · vT

! π1 [A B] π1[A B] id

e0 e1 e2 eT−1

Fig. 1: The cellular sheaf encoding the evolution of a discrete LTI system
from an initial condition x(1) = c over T time-steps. Note that ! : R0 →
Rn is the unique map from R0, and π1 is the first projection. The graph
which the sheaf is defined on is given on the bottom with the stalks
and restriction maps lying above. The blue section uses an edge potential
function to fix the initial condition to x(1) = c. All other edge potential
functions are the standard consensus potentials so we omit them from the
diagram for clarity. The black section then encodes the evolution of the
dynamics from c for T time-steps.

Now, suppose we wish to drive the system to a desired
state using stage cost functions f t : Rn × Rm → R for t ∈
[T−1]. A typical multistage optimal control problem starting
from initial state x(1) = c is

minimize
∑T−1

t=1 f t(x(t), u(t))
subject to x(t+ 1) = Ax(t) +Bu(t) ∀t ∈ [T − 1]

x(1) = c.
(3)

Note that our framework can easily incorporate other con-
vex constraints on the states and controls; however, we
leave these out for simplicity of presentation. For nota-
tional convenience, let x = vec(x(1), . . . , x(T )) and u =
vec(u(1), . . . , u(T − 1)), where vec denotes the concatena-
tion of column vectors into a new column vector. We have
already seen that the constraints in Eq. 3 correspond to the
zeros of the nonlinear Laplacian for D. Thus the problem in
Eq. 3 is equivalent to the homological program

minimize
∑T−1

t=1 f t(x(t), u(t))
subject to L∇Φ

D (x,u) = 0.
(4)

B. General Multi-Agent Coordination Homological Program

Now suppose we have a multi-agent control system with
N agents on a connected communication topology G =
(V,E). Each agent i ∈ [N ] has state space Rni , control space
Rmi , and discrete dynamics xi(t+ 1) = Aixi(t) +Biui(t).
The total system dynamics are then given by the direct

sum of the dynamics for each agent. Let Q =
∑

i∈[N ] ni

and R =
∑

i∈[N ] mi denote the global state and control
input dimensions respectively. For notational convenience,
we introduce block matrix variables X ∈ RQ×T and U ∈
RR×T to represent T -length trajectories of the global state
space (resp. control space), where block i, t is in Rni×1

(resp. Rmi×1). Then, X[:, t] denotes the global state at time t,
X[i, :] denotes the state trajectory of agent i across all time-
steps, and X[i, t] denotes the state of agent i at time-step t.
The same goes for U.

A general distributed multi-agent coordination problem is
that of choosing control inputs to drive this global system
to a desired goal while utilizing only local computations
and communication between agents. We formulate this as
a multi-stage optimal control problem over a fixed time
horizon T . We allow each agent to have its own local optimal
control problem of the same form as Eq. 3. Specifically, each
agent i ∈ [N ] has stage costs f t

i and dynamic evolution
sheaf Di with potential function Φi from a given initial
condition xi(1) = ci, as in Example 4. Let Ci denote the set
{(x,u) ∈ C0(PT+1;Di) | L∇Φi

Di
(x,u) = 0}. Then we define

the functional form of Eq. 4 as Ji : C0(PT+1,Di) → R given
by

Ji(x,u) =

T−1∑
t=1

f t
i (x(t), u(t)) + χCi(x,u), (5)

where χCi
denotes the convex indicator function of the set Ci.

The global objective function
∑N

i=1 Ji(X[i, :],U[i, :]) is then
a decoupled multi-agent optimal control problem where each
agent wants to fulfill its individual control goal disregarding
other agents.

To coordinate our multi-agent system, we introduce a
cellular sheaf F on G with the interpretations given in Table I
(left). We can then formulate the coordination goal between
each pair of communicating agents e = i ∼ j ∈ E by
choosing an appropriate edge potential function Ue from Ta-
ble I (right). Such a choice of potential functions determines
a global potential function U(y) =

∑
e∈E Ue(ye) defined

over 1-cochains and yields the coordination objective

minimize
X[ : ,t]∈C0(G;F)

U(δFX[ : , t])

for a given t ∈ [T ]. Taken together, this lets us define a
general multi-agent coordination problem as

minimize
N∑
i=1

Ji(X[i, :],U[i, :]) + γU(δFX[:, T ]), (6)

In other words, this objective asks each agent in the MAS to
achieve its own control objective as much as possible subject
to its dynamic constraints and initial condition while also
cooperating with the other agents to achieve the coordination
goal by the end of the time horizon. The free parameter γ
can be increased to emphasize the importance of the group
objective over the individual objectives. When U is convex
and bounded below, minimizing U ◦ δF is equivalent to
finding a point where ∇(U ◦ δF ) = δ⊤F ◦∇U ◦ δF = 0. This



gives us a strengthened multi-agent homological program:

minimize
X,U

∑N
i=1 Ji(X[i, :],U[i, :])

subject to L∇U
F X[:, T ] = 0,

(7)

where the coordination goal is imposed as a hard constraint
rather than an objective term.

Remark 1. It should be noted that there are multiple sheaf
homological constraints present in Eq. 7. Specifically, the
sheaves Di encode the dynamic evolution of each agent
i ∈ [N ] from an initial condition to the end of the time
horizon. Meanwhile, the sheaf F and its associated nonlinear
Laplacian specifies the coordination constraint which must
be satisfied by the end of the time horizon. We can think of
this as a sort of nested or hierarchical homological program,
where the objectives on each node of the coordination sheaf
are themselves homological programs.

IV. SOLVING HOMOLOGICAL PROGRAMS WITH ADMM
We examine how we can use ADMM to derive a dis-

tributed solver for homological programs, thus allowing the
design of distributed controllers for achieving multi-agent
coordination. Algorithm 1 presents a distributed solution
algorithm for a general nonlinear homological program P =
(V,E,F , {fi}, {Ue}) subject to the following assumptions.

Assumption 1. The homological program P satisfies the
convexity conditions of Theorem 1, and each node objective
fi is closed and proper.

Assumption 2. Each edge potential Ue is strongly convex
with unique minimizer of be such that Ue(be) = 0.

To use ADMM to solve P, we first introduce extra
variables zi ∈ F(i) for each vertex stalk and rewrite the
problem in the equivalent consensus form:

minimize
∑

i fi(xi) + χC(z)
subject to x− z = 0

(8)

where C = {z ∈ C0(G;F) | L∇U
F z = 0}. This problem

has the following augmented Lagrangian with scaled dual
variable as in [35]:

Lρ(x, z,y) =
∑
i

fi(xi) + χC(z) + (ρ/2)∥x− z+ y∥22.

Applying ADMM gives the iterative update rule:

xk+1
i := argminxi

fi(xi) + (ρ/2)∥xi − zki + yki ∥22
zk+1 := ΠC(x

k+1 + yk)

yk+1
i := yki + xk+1

i − zk+1
i

(9)

where ΠC denotes Euclidean projection onto C. The dynam-
ics of the xi and yi updates can be computed in parallel.
The core difficulty of the algorithm then is computing the z
update in a distributed fashion. It turns out that running the
nonlinear heat equation, which is a local operation, converges
precisely to the desired projection. We prove this in the
following theorem.

Theorem 2. Let F be a cellular sheaf on a graph G =
(V,E). For each edge e ∈ E, let Ue : F(e) → R be a

differentiable, strongly convex function with unique global
minimum point at be with minimum value Ue(be) = 0. Define
U =

∑
e∈E Ue and b = vec(b1, . . . , b|E|). If b ∈ im δF , then

trajectories of the nonlinear Laplacian dynamics

ẋ = −αL∇U
F x (10)

converge to the orthogonal projection of the initial condition
onto δ+F b + H0(G;F) = kerL∇U

F for a given diffusivity
α > 0, where δ+F denotes the Moore-Penrose pseudoinverse.

This gives us Algorithm 1 for solving nonlinear homo-
logical programs. In this algorithm, each iteration of the

Algorithm 1: Distributed Solve
Input: Sheaf F , potential functions Ue, and initial state (z0,y0)
Input: Step size ρ, diffusivity α, tolerances ϵ1, ϵ2, and K ∈ N
Output: z∗,y∗

z← z0;
y← y0;
while j ⩽ K do

for i← 1 to N do
xi ← argminxi

fi(xi) + (ρ/2)∥xi − zi + yi∥22;
end
x← vec({xi}i∈[N ]);
z← sheafDiffusion(F , U, α, ϵ2,x+ y);
if x− z < ϵ1 then

break;
end
for i← 1 to N do

yi ← yi + xi − zi;
end

end
return z,y

two for-loops can be computed in parallel by each agent.
The operation sheafDiffusion(F , U, α, ϵ, z0) denotes running
the nonlinear heat equations for F with diffusivity α to ϵ
convergence from initial condition z0.

Theorem 3. Suppose a homological program P satisfies
assumptions 1 and 2. Assume also that the Lagrangian of
Eq. 8 has a saddle point. Then Algorithm 1 applied to P has
the following properties:

• Residual convergence: xk − zk → 0 as k → ∞
• Objective convergence:

∑
i fi(xi)+χC(z) → p∗ as k →

∞.
• Dual variable convergence: yk → y∗ as k → ∞ where
y∗ is a dual optimal point.

Remark 2. When potential functions are chosen that violate
Assumption 2, the same ADMM algorithm can still be used
to solve the relaxed problem Eq. 6 with slight modification
to the z update.

V. CASE STUDY: MULTI-DOMAIN TEAM VEHICLE
COORDINATION

Multi-vehicle systems (MVS) provide a rich class of
examples of multi-agent coordination problems that can be
formulated and solved as homological programs. In this
section, we describe some of these coordination problems
in more detail through a case study and explain how they
are instances of homological programs.



We consider a team of heterogeneous autonomous vehicles
that includes unmanned aerial vehicles (UAV), unmanned
surface vehicles (USV), and unmanned underwater vehicles
(UUV). The vehicles are indexed by V = {1, 2, . . . , N}. In
this setting, communication modalities (e.g. radio frequency,
sonar, optical, or tethered links) are domain-dependent, vary-
ing with the operational environment of each vehicle type.

We assume vehicles have a fixed communication network.
UAVs have a dense communication network between other
UAVs, and UAVs also communicate with USVs. USVs serve
as relays for communication between USVs and UAVs.
Consequently, USVs have links with other UAVs as well
other USVs and links with designated UUVs. Finally, UUVs
communicate with other UUVs, and UUVs communicate
with designated USVs. We model the entire communication
network according to an undirected graph G = (V,E) where
an edge e ∈ E denotes the presence of a bidirectional com-
munication channel between the vehicles at its endpoints. Let
GUAV, GUSV, and GUUV denote the respective subgraphs
corresponding to each respective inter-team communication
network, and let GUAV−USV and GUUV−USV denote the
subgraphs corresponding to each intra-team network.

Vehicles navigate in a rectangular domain D ⊆ R3, which
includes airspace, a surface region, and an undersea region.
We assume that for each i ∈ V the dynamics of vehicle i
are modeled by double integrator dynamics

ṗi = vi

v̇i = ui,
(11)

where pi ∈ Rd is agent i’s position, vi ∈ Rd is agent i’s
velocity, and ui ∈ Rd is agent i’s control input. Then, the
state of agent i is xi = vec(pi, vi). The dimensions of the
agents’ state spaces depend on the type of vehicle: UUVs and
UAVs move in R3 and hence have d = 3, while USVs are
modeled as moving in R2 and hence have d = 2. We assume
that agents fully observe their own position and velocity.
Consider the following scenario which we describe as an
optimal control problem:
• The USV team is tasked with making a translationally-

invariant grid formation that is specified by displacement
vectors p̂i,j . A subset of edges EUSV ⊆ Esurface indicates
which pairs of agents must maintain a specified relative
position in order to assemble the given formation.

• The UAV team flocks together, forming consensus on their
speeds and bearings while maintaining a fixed altitude
hUAV. The UAVs also need to remain within a given
distance rUAV−USV from the USVs that they communicate
with in order to remain within communication range.

• The UUV team flocks together, forming consensus on their
speeds and bearings, but are free to vary their depth from
the surface. In order to maintain communication, UUVs
also need to remain within a given distance rUUV−USV to
USVs, and they also need to remain with a given distance
of other UUVs for the same reason.

• All vehicles minimize the actuation required for their tasks.
With the interpretation (see Section II) of stalks as local state-
spaces, 0-cochains as global state-spaces, global sections as

global coordination constraints, and edge potentials as agent-
to-agent coordination objectives, we synthesize a homologi-
cal program P = (V,E,F , {Ue}, {fi}) describing the above
complex coordination problem.

a) Stalks: The cellular sheaf F is defined over the
communication graph G = (V,E). For each node i ∈ V ,
the vertex stalk is assigned based on the vehicle type:

F(i) =
{
R3 ⊕ R3 if i ∈ VUAV ∪ VUUV

R2 ⊕ R2 if i ∈ VUSV
.

For each edge e = ij ∈ E, the edge stalk is defined based
on the type of connection. The edge stalks are:

F(e) =


R3 ⊕ R3 if e ∈ EUAV ∪ EUUV

R2 if e ∈ EUSV

R3 if e ∈ EUAV−USV

R3 if e ∈ EUUV−USV

Restriction maps: In this case study, restriction maps serve
as an interface between agent types as well as communication
modalities. Thus, restriction maps FiP e : F(i) → F(e)
project the state of each agent to the shared edge state-space:
• For e = ij ∈ EUAV:

Fi P e(xi) =

[
pi
vi

]
, Fj P e(xj) =

[
pj
vj

]

so ye = (δx)e =

[
pi − pj
vi − vj

]
∈ R3 ⊕ R3.

• For e = ij ∈ EUUV:

Fi P e(xi) =

[
pi
vi

]
, Fj P e(xj) =

[
pj
vj

]

so ye = (δx)3 =

[
pi − pj
vi − vj

]
∈ R3 ⊕ R3.

• For e = ij ∈ EUSV:

Fi P e(xi) =

[
pi,x
pi,y

]
, Fj P e(xj) =

[
pj,x
pj,y

]

so ye = (δx)e =

[
pi,x − pj,x
pi,y − pj,y

]
∈ R2.

• For e = ij ∈ EUAV-USV:

Fi P e(xi) = pi, Fj P e(xj) =

pj,xpj,y
0



so ye = (δx)e = pi −

pj,xpj,y
0

 ∈ R3.

• For e = ij ∈ EUUV-USV:

Fi P e(xi) = pi, Fj P e(xj) =

pj,xpj,y
0



so ye = (δx)e = pi −

pj,xpj,y
0

 ∈ R3.

Edge Potentials: Edge potentials encode heterogeneous
coordination objectives. Edge potentials {Ue} are defined as
follows:
• For e = ij ∈ Eform ⊆ EUSV:

Ue(ye) =
1

2
∥ye − p̂i,j∥22

where p̂i,j ∈ R2 is the desired displacement. For edges e ∈ EUSV\Eform
not involved in formation, we set Ue(ye) = 0.

• For e = ij ∈ EUAV:

Ue(ye) =
1

2
∥vi − vj∥22.



• For e = ij ∈ EUUV:

Ue(ye) =
1

2
∥vi − vj∥22 +

1

2
(∥pi − pj∥22 − r2UUV)

2

where rUUV > 0 is the desired UUV-UUV communication distance.
• For e = ij ∈ EUAV-USV:

Ue(ye) =
1

2
(∥ye∥2 − rUAV-USV)

2

where rUAV-USV is the desired UAV-USV communication distance.
• For e = ij ∈ EUUV-USV:

Ue(ye) =
1

2
(∥ye∥22 − rUUV-USV2 )2

where rUUV-USV is the desired UUV-USV communication distance.
Objective Functions: For each agent i ∈ V , the objective

is to minimize the control effort over a time horizon T ,
subject to dynamics and coordination constraints:

fi(xi, ui) =

T∑
t=1

∥ut
i∥22

where ut
i ∈ R3 (for UAVs and UUVs) or R2 (for USVs) is

the control input at time t, and the optimization is subject
to the dynamics (Eq. 11), and the coordination constraints
encoded by the sheaf F and potentials {Ue}.

VI. NUMERICAL EXAMPLES

(a) (b)

(c) (d)

Fig. 2: (a) Agents perform a hybrid goal of consensus in x and tracking in
y. (b) Agents perform the goal of reaching a triangular formation centered
at the origin. (c) Agents perform the goal of flocking. (d) Agents perform a
moving formation goal. In (c) and (d), the leader agent (1) tracks a constant
rightward velocity vector.

To demonstrate the broad applicability of our framework,
we implemented representative multi-agent optimal control
examples of consensus, formation, and flocking. We imple-
mented our ADMM algorithm for nonlinear homological
programs in the Julia programming language, using JuMP.jl
with IPOPT to solve the individual agent subproblems and
the conjugate gradient method from Krylov.jl to compute
the projection operations [36]–[38]. We implemented each
example in a model predictive control setup, where at each
timestep, the controllers for each agent solve the relevant
optimal control homological program using Algorithm 1,
implement the first control input, and repeat the process until
convergence to the coordination goal.

The multi-agent system used for each example involved
three vehicles obeying discrete double integrator dynamics in
the plane (d = 2), i.e. the Euler integration of Eq. 11. Thus,
each agent’s state space is R4 and their control space is R2.
Each dimension of each agent’s control input was constrained
to the range [−2, 2]. Each agent’s optimal control problem
spanned a time horizon of T = 10. We ran only 10 iterations
of Algorithm 1 for each optimization step in MPC. This was
sufficient for our MPC controllers to achieve convergence
to the coordination goals while keeping the computation
time low. In all experiments, each agent’s initial positions
and velocities were chosen randomly from the range [−5, 5].
The code to reproduce the experiments can be found in our
package AlgebraicOptimization.jl

a) Consensus: For this example, the agents are to reach
consensus in the x-axis while reaching individual tracking
goals in the y-axis. Thus each agent’s subproblem is a linear
quadratic tracking problem in y-space with a quadratic cost
on the control activation. The coordination sheaf is defined
over a fully connected communication topology, where each
restriction map is simply the projection onto the x coordinate.
Edge potentials are the standard norm squared potential
function encoding the consensus goal. The results of this
controller run for 100 iterations are shown in Fig. 2.a.

b) Stationary Formation: For this example, the agents
reach an isosceles triangle formation around the origin. As
such, each agent’s subproblem is a standard linear quadratic
regulation problem to drive the state to 0 with a quadratic
penalty on control activation. The coordination sheaf is over a
fully connected communication topology with the restriction
maps projecting onto the position components of the state
vector. The formation goal is encoded using edge potential
functions of the form ϕe(y) = (1/2)∥y − be∥22 for desired
be. The results of this controller run for 100 iterations are
shown in Fig. 2.b.

c) Flocking: For this example, agents implement the
standard flocking goal of reaching consensus in velocities
while staying a fixed distance away from all other agents.
The constant sheaf R4 on a fully connected communication
topology along with potential functions summing the stan-
dard consensus potential function on the velocity components
and the fixed distance potential function with r2 = 5 on the
position components. Each agents’ objective is to minimize
total control activation. Additionally, a designated leader
agent tracks a constant rightward velocity vector. The results
of this controller run for 65 iterations are shown in Fig. 2.c.
Computing the distance between each agent confirms that
they reached the desired pairwise distance of

√
5.

d) Moving Formation: This example combines a for-
mation goal in positions with a consensus goal in velocities.
As such, the coordination sheaf is the constant sheaf R4

on the three vertex path graph. This encodes a leader-
follower topology with the middle agent in the path acting
as the leader. The leader’s objective is to track the velocity
vector [3, 0] (rightward with constant velocity) and minimize
its control actuation while the followers’ objectives are
to simply minimize control actuation. The edge potential



functions are of the form ϕe(y) = (1/2)∥y− be∥22 where the
velocity coordinates of each be are 0 encoding consensus in
velocity while the position coordinates are chosen to achieve
a fixed displacement between the leader and its followers.
The results of this controller run for 160 iterations are shown
in Fig. 2.d.

VII. FUTURE WORK

The results presented here can be extended in many direc-
tions. Having proposed a pipeline to translate coordination
problems into homological programs and solve them with
ADMM, a next step would be correct-by-construction soft-
ware synthesis given user-specified coordination specifica-
tions. Other promising areas for further developments include
incorporating sheaf models of coordination into graph neural
network architectures (see [39]–[41]) in order to solve agent-
level or system-level tasks. While we attended primarily
to convex potential functions, there is a rich theory to be
developed for non-differentiable or non-convex potentials
and the pursuit of local minima.

APPENDIX

Proof of Theorem 1. Because each fi is convex and the
sum of convex functions is convex, the objective is clearly
convex. It remains to show that the constraint set C = {x |
L∇U
F x = 0} is convex. For this, we utilize the fact that

L∇U
F is the gradient of the function g(x) = U(δFx). This

function is clearly differentiable and is convex because the
precomposition of a convex function with a linear map is
convex ( [42], Theorem 5.7). Thus we can apply Theorem
23.5 of [42] to obtain the following

x′ = ∇g(x) ⇐⇒ x ∈ ∂g∗(x′),

where ∂ denotes the subdifferential and g∗ is the Legendre
transform of g. Instantiating the above with x′ = 0, we see
that the set {x | ∇g(x) = 0} is equivalent to the set {x | x ∈
∂g∗(0)}. The set of subgradients of a convex function at any
point is closed and convex, therefore, the set C is closed and
convex. So P asks to minimize a convex function restricted
to a closed convex subset of its domain and is therefore a
convex optimization problem.

Proof of Theorem 2. For notational convenience, we let L =
L∇U
F and δ = δF for the remainder of the proof. First

note that plainly b is the unique global minimizer of U , and
U(b) = 0. Thus ∇U(y) = 0 only when y = b. We know that
L = ∇(U ◦δ) = δ⊤ ◦∇U ◦δ. This entails that ẋ is always in
im δ⊤ and therefore orthogonal to ker δ. We thus decompose
x as x|| + x⊥ where x|| is the orthogonal projection onto
ker δ = H0(G;F) and focus on the evolution of x⊥ under
the dynamics restricted to im δ⊤.

Let Ψ(x⊥) = U(δx⊥). Because b is the unique minimizer
of U with U(b) = 0, Ψ vanishes only at δx⊥ = b. Moreover,
δx⊥ = b holds if and only if x⊥ = δ+b. To show the first
direction of this implication, we have

δx⊥ = b =⇒ δ+δx⊥ = δ+b =⇒ x⊥ = δ+b,

where the second implication holds because δ+δ is projection
onto im δ⊤ and is therefore the identity on x⊥. For the
reverse direction, we have

x⊥ = δ+b =⇒ δx⊥ = δδ+b =⇒ δx⊥ = b,

where the second implication holds because δδ+ is projection
onto im δ and is therefore the identity on b.

So, Ψ(x⊥) vanishes only when x⊥ = δ+b implying that
∇Ψ(x⊥) = L(x⊥) = 0 if and only if x⊥ = δ+b and that
Ψ(x⊥) is globally positive definite about δ+b. Furthermore,
radial unboundedness of U implies radial unboundedness of
Ψ(x⊥). Finally, we see that

Ψ̇ = ⟨∇Ψ(x⊥), ẋ⊥⟩ = ⟨L(x⊥),−αL(x⊥)⟩ ⩽ 0

with equality only when x⊥ = δ+b. This shows the Ψ̇ is
globally negative definite around δ+b, meaning Ψ is a global
Lyapunov function about δ+b for the dynamics in Eq. 10
restricted to im δ⊤. Therefore δ+b is globally asymptotically
stable meaning x⊥ → δ+b. For the unrestricted dynamics in
Eq. 10, this means

lim
t→∞

x(t) = x||(0) + δ+b,

which is orthogonal projection of x(0) onto δ+b + ker δ =
δ+b+H0(G;F).

To finish the proof, it remains to show that δ+b +
H0(G;F) = kerL. For the first direction, let z ∈ δ+b +
ker δ. Then we know z is of the form δ+b + x for some x
such that δx = 0. We have

L(z) = δ⊤(∇U(δ(δ+b+ x)))
= δ⊤(∇U(δδ+b+ δx)) = δ⊤(∇U(b)) = 0,

where the third equality holds because δδ+ is projection onto
im δ and x ∈ ker δ. For the reverse direction, let L(x) = 0
for some x. We know that this only holds when δx = b
which implies that δ+δx = δ+b. Because δ+δ is projection
onto im δ⊤ = (ker δ)⊥, we know that x must be of the form
δ+b+x′ for some x′ ∈ ker δ. This completes the proof.

Proof of Theorem 3. This setup satisfies the criterion for
convergence in [35, §3.2.1].
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[37] A. Wächter and L. T. Biegler, “On the implementation of an interior-
point filter line-search algorithm for large-scale nonlinear program-
ming,” Math. Prog., vol. 106, pp. 25–57, 2006.

[38] A. Montoison and D. Orban, “Krylov.jl: A julia basket of hand-picked
krylov methods,” Journal of Open Source Software, vol. 8, no. 89,
p. 5187, 2023.

[39] O. Zaghen, A. Longa, S. Azzolin, L. Telyatnikov, A. Passerini, and
P. Lio, “Sheaf Diffusion Goes Nonlinear: Enhancing GNNs with
Adaptive Sheaf Laplacians,” in ICML 2024 Workshop GRaM, 2024.

[40] C. Bodnar, F. Di Giovanni, B. Chamberlain, P. Lió, and M. Bronstein,
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